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DYNAMIC ANALYSIS OF NONSTEADY HEAT TRANSFER IN A FIXED BED OF 
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The analysis of heat transfer is reduced to the solution of an ordinary 
first-order differential equation by simplifying the dynamic character- 
istics of the system. 

A gas  s t r e a m  with a va r i ab l e  in i t ia l  t e m p e r a t u r e  
is  p a s s e d  through a f ixed bed  of s p h e r e s  in the d i -  
r ec t ion  h. The h e a t - t r a n s f e r  p r o c e s s  is d e s c r i b e d  by 
a s y s t e m  of d i f fe ren t i a l  equat ions [1, 2] 
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for  the boundary  condi t ions 
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The gas t e m p e r a t u r e  at  the inlet  sec t ion  of the bed 
is t(0, 7), which is a spec i f i ed  function of t ime .  

The solut ion of th is  s y s t e m  of equat ions,  t r a n s -  
f o rmed  a f te r  Lap lace ,  has  the fo rm 

t(h,p)=exp{k[W(R,p)--ll - - ~ } t ( O , p ) ,  (6) 

t (r, h, p) = 
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For  the a ve r a ge  t e m p e r a t u r e  of the sphe re  we have 

t~(p) = W~(p)exp { k [W (R,p)-- ll - - + }  t (O,p), (8) 

where  

qv (P) w ~  (p) = 
t (h, p) 

1)sh ~ / / -~  R -b & 

The quanti ty p / v  in e x p r e s s i o n s  (6)-(8) can be 
neglec ted ,  s ince  i t  accounts  for  the t ime  in which the 
gas  is  p a s s e d  through the bed.  This t ime  is gene ra l l y  
negl ig ib ly  s m a l l  in c ompa r i son  with the o ther  t ime  
cons tants  of the s y s t e m .  Thus 

t (h, p) = W, (p) t (0, p), 

t (r, h, p) = W~ (p) t (0, p), 

t.~ (p) = w3 (p) t (o, p), 

(9) 

(lO) 

(11) 

where  

W 1 (p) = exp { k [W (R, p) - -  11 }; 

W~(p) = w1 (p) w (r, p); W3 (p) = W~ (p) %v (p). 

Subst i tut ing p = jw into the t r a n s f e r  functions Wl(p), 
W2(p), o r  W3(P), we obtain the a m p l i t u d e - p h a s e  f r e -  
quency c h a r a c t e r i s t i c s  (AFC) of the sy s t e m:  

W(]m) = A(o) exp [/~ (~o)l = Re(m) q- ]Im(o). (12) 

If the input quanti ty t(0, r) o s c i l l a t e s  h a r m o n i c a l l y  
with f requency  co, e x p r e s s i o n  (12) immed ia t e ly  y ie lds  
the ampl i tude  A(co) and the phase  shif t  r of the out -  
put  quant i t ies  t(h, r), t ( r ,  h, r), or tav(r)  in the q u a s i -  
s teady  r e g i m e .  In this  e a se  t h e r e  is no need to r e -  
tu rn  to the p r e i m a g e s  in (9)-(11).  

With a nonharmonie  va r i a t ion  in t(0, r), the t r a n s i -  
t ion to the p r e i m a g e s  in (9)-(11) is  an exceedingly  
diff icul t  opera t ion ;  we wil l  t h e r e f o r e  s impl i fy  the 
t r a n s f e r  functions Wl(p), W(r, p), and Way(p).  

F igu re  1 shows a fami ly  of WI(j co) hodographs  for  
va r ious  values  of B i a n d k .  Fo r  k < 2Bi/5 + 2 a p o r -  
t ion of the hodographs  can be app rox ima ted  by the 
e x p r e s s  ion 

W(]o~)-- ]r~o)+ I , T~>0 (13) 
]T~ o~ + 1 
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(curves 1-4) ,  and a port ion can be approximated for  
k < 2Bi/5 + 2 by the express ion  

W(]o)) exp(--J~t~) 
- -  , x z > 0 ( 1 4 )  

j T o +  1 

(curves 5-7) .  
Requiring coincidence of the hodographs W(jw) and 

Wl(jw) as  w - -  0 we der ive a sys tem of equations for  
the determinat ion of the t ime constants T 1, T 2, T, 
and T3 of the approximat ing express ions  (13) and (14) : 

T 2 - - T i = T + x  t = l i m  I - - W  l ( p )  , ] 

t,-o p I 

T29--T~ = T  2 = limo,.o 1--[  I~(1~) p ( , ) ~  ! (15) 

An ord inary  differential  f i r s t - o r d e r  equation with a 
lag a rgument  

T d t ~  (x)  F t o u  t ( x ) = t i n ( v  .q~) ( 1 6 )  
dx 

cor responds  to the f requency cha rac te r i s t i c  (14) and 
is eas i ly  solved analyt ical ly  or graphical ly  for  any 

The W(R, j w) and Wav(J c0) hodographs coincide 
sa t i s fac tor i ly  in fo rm with the approximating A FC 
(13), while the W(0, j w) hodograph coincides sa t i s -  
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Fig. 2. Ampli tude-phase  f requency cha rac te r i s t i c s  
of sys tem within the channel for  t r ansmiss ion  of 
the effect of the gas t empera tu re  t(h, v) and the 
sphere  t empera tu re  at Bi = 3 ; I) sur face  t e m p e r -  
a ture  t(R, h, 7); II) mean t empera tu re  tav(T); III) 
center  t empera tu re  t(0, h, 7") ; f igures  at points,  

values of pa r ame te r  x 1 = ~ R .  
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Fig. 1. Ampli tude-phase  f requency cha rac t e r i s t i c s  
of the sys tem within the channel for t r ansmiss ion  of 
the effect of the gas t empera tu re  t(0, T) I) at Bi = 3; 
k = 1; II) 1 and 1, respec t ive ly ;  III) 3 and 2; IV) 2 
and 5; VI) 4 and 10; VII) 4 and 20; f igures  at points, 

values of p a r a m e t e r  x = (~/~/2a)R. 

function tin(~) = t(0, T) [3]. We solve the differential  
equation 

T~ dt~ 0;) + tout(T ) = T1 dtin('O dx dT [- tin (x)  ( 1 7 )  

as easily,  this equation corresponding  to the approx-  
imating AFC (13). 

Figure 2 shows the AFC hodographs for  the sphe re -  
t empera tu re  t r ans fe r  functions W(R,p), Wav(P), and 

W (0, p) -- t (0, h, p) _ W (r, p) [ r=0. 
t (h, p) 

fac tor i ly  with AFC (14). The t ime constants T 2, T 1, 
T, and in this case  a r e  also determined f rom s y s -  
tem (15) in which insteady of WI(p) and Wl(jw) we 
have the t r ans fe r  functions and the AFC of the sphere 
t empera tu re :  W(R,p) and W(R,j ,w),  Wav(p) and 
Wav( j w), and W(0, p) and W(0, j w). 

We will i l lus t ra te  the application of the dynamic-  
analysis  method with the following example: 
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Fig. 3. Tempera tu re  curves  (example): 1) gas 
t empera tu re  t(0, T), ~ C; in input section of bed 

2) t(h, T) ; 3) t(R, h, T) ; 4) tav(T) ; 5) t(0, h, T). 

Example.  Construct  the curves  t(h, ~), t (R,h,  T), 
tav(T), and t(0, h, 7) when k = 10 and Bi = 4 and for  
the exponential function t(0, T) 

t(O,*)=lO00 1--exp - - ~ -  , (a) 

Solution. Let us subject  the input quantity (a) to 
Laplace t rans format ion :  
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t (o, p) = 1 ooo , (b) 

so that the images  of the output quanti t ies are  wri t ten  
as follows: 

the gas t empera tu re  

t (h, p) = ~' (p) t (0, p), (c) 

where 

W(p)= exp(--x~p) [sec(14)]; 
T p +  I 

/~ R ~ 
T + z l - -  3Bi a 

1 1 ) R a 
[sec(15)l; 

the t empera tu re  of the sphere  center  

t (0, h, p) = W (p) t (h, p), 

where 

W(p)= exp(--Tjp) . 
T p +  1 

T + x , = ( +  +-~Bi) R2 " - -  p 

�9 a 

I 2 1 = 0 . 1 7 1  - -  " 

( +  ' 
*t = + 3B----~--  

1 

- - r  90 

2 + _ ! _ ~  ~ R ~ R ~ + - -  = 0 . 0 7 9 -  
45 Bi 9 B P ]  a a 

(f) 

T - - -  2k t =0.500 - -  ; 
- -  a a 

Turning  to the p re images  in (c)-(f), we find the 
unknown output quant i t ies .  These a re  shown in Fig. 3. 

R 2 
= 0 . 3 3 3 - - ;  

a 

the t empera tu re  of the sphere surface 

where 

t (k, ~, p) = ~v (p) t (a, p), 

W(p) Tip 4- 1 [sec(13)l; 
T2p + 1 

1 R ~ 
r.z--  T~ 

3 Bi a 

- . . . .  0.150 - -  
T2= --ig + ~g:fl a 

Ta 1 R ~ R ~ 
-- -- 0.067 - -  ; 

15 a a 

R 2 

a 

the average sphere t empera tu re  

tav(P ) = W (p) t (h, p), 

where 

T~ - - -  

W (p) T~p + l ; 
T~p + 1 

r~- -  r~ = + - S K  

1 ( 2 B i +  2 ~- -  ~ 7 -  5 ) R~a- 

R ~ = 0.163 - -  ; 
a 

T1 1 Bi  R ~ R ~ -- - -  0 . 0 1 3 -  ; 
B i + 5  35 a a 

(d) 

(e) 

NOTATION 

T is the t ime;  h is the bed coordinate  in the d i r e c -  
tion of gas flow; r is the point coordinate inside the 
sphere;  R is the sphere rad ius ;  t(r,  h, T) is the t e m -  
pe ra tu re  of the sphere point; tav(r) is the mean  in tegra l  
t empera tu re  of the sphere;  t(h, T) is the gas t e m p e r -  
a ture ;  for the sphere ma te r i a l ,  a is the thermal  dif-  
fusivi ty;  X is the the rmal  conductivi ty;  for the gas 
flow c is the volumetr ic  heat capacity;  f is the a rea  of 
effective cross  sect ion;  v is the velocity;  a is the co-  
efficient of heat t r ans f e r  f rom gas to sphere sur faces ;  
F is the sphere surface per  unit  volume of bed; S is 
the a rea  of the bed sect ion;  k is a p a r a m e t e r ;  Bi is the 
Biot numbe r ;  p is the pa r a me t e r  of the Laplace t r a n s -  
form;  t(p) is the Laplace t r ans fo rmat ion  of t(T); W(p) 
is the t r ans f e r  function; W(jr is the ampl i tude-phase  

F f requency cha rac te r i s t i c ;  j = v - l ;  co is  the angular  
f requency;  T 1 is the t ime lag; T and T 2 a re  t ime con- 
stants  of the aperiodic  l ink; T 1 is the t ime constant  of 
the forcing link; t in is the input value;  tou t is the out-  
put value;  Ira(c0) is the imag ina ry  frequency c h a r a c t e r -  
i s t i c ;  Re(w) is the ma te r i a l  f requency cha rac te r i s t i c .  
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